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1. Introduction. Unless otherwise specified, (G, +) will always denote a
(not necessarily abelian) locally compact topological group. Measure will de-
note a Haar measure on G; if G is compact, it is assumed that u(G) =1. All
functions considered are complex-valued. If f is a function on an open subset
A of G, then A, f and V,f (A€ G) denote the functions given by Axf(x) =f(x+h)
—f(x) and Vif(x) =f(h+x) —f(x) on AN(A—h) and AN(—hk+A), respec-
tively. A function T' on G is said to be additive if I'(x+y) =T'(x) +T'(y) for
all x and y in G. A function f on an open subset 4 of G is said to be Riemann
integrable if f is bounded on every compact subset of A4, and if the set of
points of discontinuity of f is of measure 0.

The classes of continuous functions and Riemann integrable functions
were among the many classes C of functions on the real line which, by results
of de Bruijn [2; 3], are known to possess the following difference property:
If f is a function on R such that, for each hE R, Ay f & C, then there exists an addi-
tive function T on R such that f—T € C. It will be shown that these two classes
continue to possess such a property, or a stronger property, the so-called
local difference property due to Kemperman [6], when the functions are
defined on compact groups, or on open subsets of locally compact abelian
groups.

In what follows, many statements concerning the class of continuous
functions become valid for Riemann integrable functions after slight modifi-
cation; these changes will be enclosed in brackets [ |.

2. The compact case. If the group G is compact [and second countable],
the class of continuous [Riemann integrable] functions possesses a difference
property like de Bruijn’s under conditions weaker than might be expected.
G need not be abelian, and it suffices that all right differences (say) are con-
tinuous [Riemann integrable], while all left differences are Borel measurable.

THEOREM 2.1, Let G be compact, and let f be a function on G such that, for
every h&G,

(1) Vaf is Borel measurable, and

(i1) Anf s continuous.
Then there exists an additive function T' on G such that f—T is continuous on G.
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THEOREM 2.2. Let G be compact and second countable, and let f be a function
on G such that, for every h&G,

(i) Vaf is Borel measurable, and

(ii) Axf is Riemann integrable.
Then there exists an additive function T on G such that f—T is Riemann integra-
ble on G.

The basic ideas in the proof are to show that the functions g and I' can
be defined on G by means of the equations

2.1 ) = [ () +10) = 2 + auts,
(.2 r@ = [ e+ - foNd0),
[¢]
so that
(2.3) f(x) = g(x) + T'(x)
and] then to show that I' is additive, while g is continuous [Riemann integra-
ble].

For each x, the integrands in (2.1) and (2.2) are measurable functions of
¥, and their sum is f(x). As soon as it is shown that the integrand in (2.1) is
a bounded function, both integrands will be bounded, so that both g(x) and
I'(x) will be defined. The boundedness of this integrand (jointly in x and ¥)
follows from taking ¢.(y) =f(x)+f(¥) —f(x+v) in Lemma 2.1 below. The
formulation of Lemma 2.1, stronger than necessary for the present applica-
tion, will be used in the next section; the same remark will apply to Lemmas
2.2 and 2.3. The method of proof of this lemma is similar to that of de Bruijn

[3].

LEMMA 2.1. Let G be compact, and let {¢} be a collection of measurable
functions on G such that, for each hEG, the values IAh¢x(y)| are uniformly
bounded in \ and y. Then |¢x(y) —q&x(O)l s uniformly bounded in y and \.

Proof. Let

Su = {h:| ey + k) — &n(y)| < M forall y and \}.
Since

G = U Sy,

M=1

it follows that u*(Sy) >1/2 for all M sufficiently large, where u* denotes the
outer measure associated with u. Let such an M be chosen and kept fixed,
let \ be fixed, and let

S={k: | (k) — &(0)] = M}.
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Clearly S is measurable, and Sy CS, so that u(S)>1/2. For each yEG,
u(—S+y)>1/2, so that.

*Su N (=S +9)) = p*(Su) + (=S + 3) — p*Su Y (=S + )
>1/2)+ (1/2) =1 =0.
Let k be a point common to Sy and —S+y. Then k= —k4y, or y=k+h,
k€S, h&Su. Now
| 6:0) — a0 ] = [dE+ B —a@®)| + |6k — 6] s ¥+ M.

The next step, to show that I is additive, is easy:

0+ 8) = [ G+ b4 9) = )0

= [ 06+ k49 = 16+ M) + [ 46+ ) = soNaue)
= T'(h) + T(#).

To complete the proof of Theorem 2.1, it remains to show that g is con-
tinuous. That A,g is continuous for each % in G follows from (2.3), the con-
tinuity of Asf, and the additivity of I':Asg(x)=Axf(x) —T'(x+k)+T(x)
=Af(x) —T'(k). Also, (2.1) and Lemma 2.1 show that g is bounded. The
continuity of g itself is then a consequence of Lemma 2.2.

LEMMA 2.2, Let g be a function defined on an open subset A of an arbitrary
topological group G, and let Axg be continuous on AMN(A —h) for all b in some
open neighborhood of 0 in G. If there exists a point xo& A at which g is discon-
tinuous, then g is unbounded on every neighborhood of x,.

Proof. Let g=g1+1g., where g1 and g, are real-valued functions on 4. If g
is discontinuous at xy& 4, then, say,

(2.4) lim sup g1(t + x0) > gi(xo) + ¢
t—0

for some €>0. For all ¥ in some sufficiently small open neighborhood U of
%o, it follows from the continuity of A_,,;,g that

(2.5) lim sup g:1(¢ + ¥) — g1(y) = lim sup g1(¢ + x0) — g1(x0).
-0 -0

Let U’ CU be an open neighborhood of xy. From (2.4), there exists a point
n & U’ for which gi(y1) > gi1(x0) +e€. Suppose that there is a point y,& U’ such
that gi(y.) >gi(xo) +ne. Then (2.5) (with y=4%,) and (2.4) show that there
is a point y,11€ U’ such that g1(ya41) > g1(x0) + (2 +1)e. Hence, g1is unbounded
above on U’, thus on every neighborhood of x,.

The proof of Theorem 2.2 would be simplified, and the assumption of
second countability of G eliminated, if the following result could be proved:
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Let G be compact, and let Asg be Riemann integrable on G for each k. If g
is discontinuous on a set of positive measure, then g is unbounded.

In the absence of such a proof, the assumption of the second countability
of G will be retained, so that G is a compact metrizable space. Then the Rie-
mann integrability of g follows from taking ¢(x, ¥) =f(x)+f(y) —f(x+7),
X=Y=Gin Lemma 2.3, and the proof of Theorem 2.2 is complete.

LEMMA 2.3. Let X be a compact metric space with a fixed finite regular Borel
measure u, and let Y be a finite measure space with measure v. Let ¢(x, ) be a
bounded function on X XY which, for each fixed x, is a measurable function of y
and which, for each fixed y, is a Riemann integrable function of x. Then the
function g:

(2.6 5@ = [ 40 Divty)
Y
s Riemann integrable on X.

Proof. Consider a sequence of partitions
m: X =4, U .- UA4,,

of X into disjoint measurable subsets such that 7, is a refinement of 7, and
the largest diameter of the 4, tends to zero as n— . Let £,,E 4,,, and define
a sequence of functionals

S®h = 3 p(An)h(En).
=1
It is known [1, pp. 201, 202] that & is Riemann integrable [u] if and only if
lim S™h = S=h exists for every such sequence of partitions. Let

m

(2- 7 gn(y) = S(“)¢(x) y) = z; F(An.')‘#(&m y))
so that

2.8 (g = 2 (9)dv(y).

2.9 swg = [ 6)0)

Clearly, {g.} is a sequence of measurable functions on ¥ for which lim g,
exists and is given by lim g,(y) = S*¢(x, ¥). Since u(X) is finite and ¢(x, y)
is bounded, (2.7) shows that the functions g, are uniformly bounded. Hence,
it follows from (2.8) and the Lebesgue Bounded Convergence Theorem that
S=g exists.

3. The abelian case. (G, +) is henceforth assumed to be abelian and
locally compact.

DEeFINITION. The local condition of continuity [Riemann integrability] is
said to have the difference property on G if the following is true for every open
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subset 4 of G: Let f be defined on 4 and have the property that, for each
REG, Aif is continuous [Riemann integrable] on AN(4 —k). Then there
exists an additive function T on G such that f—T is continuous [Riemann
integrable] on 4.

It is not true, in general, that f itself must be continuous or Riemann
integrable. Any nonmeasurable additive function on the real line provides a
counterexample. There exist nonmeasurable additive functions on other
groups also, as the following discussion shows.

A subset B of an abelian group G is a Hamel basis for G if no finite subset

{bo, EIRIEIN b,.} of B satisfies an equation

Nbo = rib1 + « « « + r.bs
with N, r, - - -, 7, integers, N30, and if B is maximal with respect to this
property. The values of an additive function I" on G are determined by its
values on B, for if xEG, then there exist integers N0, r1, + - -, r, and ele-
ments by, - -+, by in B such that Nx=rb+ - - - +r,.b,. Hence

n
I(z) = (1/N)T(Nz) = 2 (r/ N)T(b:).

=1
It follows from the Hausdorff Maximal Principle that the Hamel basis of
any subgroup H of G, in particular, any set consisting of a single element of
infinite order, can be extended to a Hamel basis for G. Thus, if I' is an addi-
tive function defined on H, then there is an additive function I on G such
that I'(x) =I"(x) for all x€H.

It is well known [8] that every locally compact abelian group G is of the
form R»+4G,, where R* is Euclidean n-space and G, contains a compact open
subgroup H. A necessary and sufficient condition in order that every additive
Sfunction on G be continuous is: n=0 and every compact subgroup of G is a direct
sum of cyclic groups. For if n =1, then any nonmeasurable additive function on
R" can be extended as an additive function to all of G. If =0 and Sis a com-
pact subgroup of G, then there will be a discontinuous additive function on G
as soon as S contains an element of infinite order. Hence, every additive func-
tion on G is continuous only if

S=Us,
kel
where S; is the closed subgroup consisting of all elements of order at most &.
S being a second category space [5], there is an Sk with nonempty interior in
S. A finite system {s,--l-Sx: @=1,---,m), s;ES} will cover S, so that every
element of S is of order at most K+ M, where M is the maximum order of the
elements s;. Hence [4], S is the direct sum of cyclic groups. Conversely, if
n=0 and the compact open subgroup H is a torsion group, then every addi-
tive function is constant on cosets of H, and is therefore continuous.
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THEOREM 3.1. The local condition of continuity has the difference property
on G,

THEOREM 3.2. If G is second countable, then the local condition of Riemann
integrability has the difference property on G.

Proof of Theorem 3.1 [and 3.2]. Let 4 be an open subset of G, and let f
be a function on 4 such that, for each #EG, A.f is continuous [Riemann
integrable] on AN(4 —#). It may be assumed that 0€A. Let U be an open
neighborhood of 0 such that T is compact and 2U C 4, U denoting the closure
of U; let G’ be the group generated by U. Then there exists [7] a compact
group HC U such that G'/H is an elementary group, that is, the direct sum
of Re, g copies of the reals (mod 1), r copies of the free cyclic group, and a
finite abelian group (p, ¢, r non-negative integers).

The fact that H is compact makes it possible to produce functions using
equations like (2.1) and (2.2), so that the techniques of the previous section
may be used.

Let » be the Haar measure on H for which v(H) =1. For (x, y) EU X H, let

@D 86 = [ (6) +10) = 1+ )d0),
(.2 51) = [ G+ 5) = fo)ari,

so that

69 1) = 8a) + (e,

Lemma 2.1, with ¢.(y) =f(x) +f(y) —f(x+y), X=T, Y=H, shows that
&1(x) and fi(x) exist and that gi(x) is bounded. That the continuity of g fol-
lows from that of each A,f (€ U) may be seen as follows: Let k€ U be
arbitrary, and consider points x, x in UN(U—#k). Then

Angi(x) — Anga(x0) = Anf(x) — Anf(x0)

(3.9) _ fH(A,.f(x + 9) = Anf(xo + 3)dv(y).

Since A4f is uniformly continuous on 2UN(2U —k), it follows from (3.4) that
lim I Angr(x) — A;.g,(xo)l = 0.

ZZe
Thus Axg: is continuous on UN(U—k) for all RE U, and gi(x) is bounded on
U, so that, by Lemma 2.2, g is continuous on U. [That the Riemann inte-
grability of g follows from that of the A.f is a consequence of Lemma 2.3,
with ¢(x, y) =f(*) +f(9) —f&+3), X=T, Y=H.] _
Next, it may be noted that while f; is not necessarily additive on U, its
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restriction to H is additive. Let I', be an additive function on G, obtained by
extending the additive function on H given by

I'y(k) =fA;.f(y)dv(y) (b € H).
H
Then for h€EH, x€ U,
8t = 1) = [ (0fly + B = ASONBO) =

so that fi—T'; can be considered as a function f, on the open neighborhood
U/H of the elementary group G’/H. Moreover, for k€ U, x€ UN(U—h),

An(fr = T1)(2) = Anf(%) — Anga(x) — Ta(h),

so that, for € U/H, Ax f; is continuous [Riemann integrable] on (U/H)
N(U/H—-P}).

To conclude the proof, use is made of the fact, proved in [6] [proved in
Lemma 3.1 below], that the local condition of continuity [Riemann inte-
grability ] has the difference property on R?, hence, on every elementary
group. Thus there exists an additive function I'Y on G’/H such that f,—T'J
=g{ is continuous [Riemann integrable] on U/H. Let I'{ be extended to all
of G as an additive function Iy, constant on cosets of H; let g/ be considered
as a continuous [Riemann integrable] function g; on U, constant on cosets
of H. Thus,

@) = g1(2) + g2(2) + Ti(2) + Ta(2) = g(x) + T(x) (€ V),

where g is continuous [Riemann integrable] on U, and T is additive on G.
Hence, g is continuous [Riemann integrable] on all of 4. '

REMARK. Continuity need not have the difference property on a group
which is not locally compact. Let G denote the additive group of rationals
with the usual topology, and consider the function f on G given by

0
f(x) = X nsin (nlrz).
ne=l
For each rational k, f(x+h) —f(x) is a finite trigonometric sum. Since the
only additive functions on G are continuous linear functions, it suffices to
show that f itself is not continuous. This may be seen from

lim sup f(1/k!) 2 lim ksin (x(k — 1)/k) = = > f(0) = 0.
I—w k—w
LeEMMA 3.1, Let A be an open subset of R?, and let f be a function on A such

that, for all h in some sufficiently small neighborhood of 0 in RP, the function Axf
is Riemann integrable on AN\(A —h). Then for each connected open subset A, of
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A, there exists an additive function T'y on G such that f —T'y is Riemann integrable
on A 1.

REMARK. It is an easy consequence of this lemma that the local condition
of Riemann integrability has the difference property on every elementary
group.

Proof. It may be assumed that 4, contains 3K? where

K”={(xl,u-,x,,):0§x.~§1,i=1,-~,p},

and that A,f is Riemann integrable on 4:M\(4,— &) for all hEK?, for other-
wise a function f’ could be considered: f'(x) =f((x'+x)/n), xE3K?, x’ a fixed
point of A4,, and 7 a sufficiently large integer.

We assert that it suffices to prove the existence of a point x¢& A4, and a
function F on x¢+K? such that: (1) xo+K?CA4,, (2) Fis Riemann integrable
on xo+K?, and (3) the function f*=f—F satisfies f*(x) =f*(x") whenever x
and x" are two points in (the boundary of) %o+ K? such that x —x' & C?, the
direct sum of p copies of the integers. For then f* can be extended to all of
R? by f*(x) =f*(x') whenever x—x' & C?. In this way, f* may be considered
as a function on the compact group R?/C?=H. It is not difficult to see that
for each hE€H, Axf* is bounded and continuous almost everywhere. From
Theorem 2.2, there exists an additive function I'y on H such that f*—T,=gis
Riemann integrable on H. Considering g and T'; as functions on R?, constant
on cosets of C?, we have that f(x) —T'i(x) = F(x) +g(x) for each x in x4+ K?;
since A,f is Riemann integrable on 41N\ (41—#k) for each k&S K?, and since
A is connected, it follows that f—T'; is Riemann integrable throughout 4.

It remains to prove the existence of a pair xo, F having the required
properties. In fact, for all xo& K? outside some set of measure 0, the following
function has these properties:

F(x) = E (=D, - - - xikAf.‘l et Ae.’,‘f(x) |=c,~-‘¢i,'°

3.5) .

(]= 17' : °7k;xex0+Kp),
where the summation is taken over all nonempty subsets (i1, - - -, 4) of
(1, - - -, p). Here, ¢, ERP has 8}, as its hth coordinate; further, xj denotes the

hth coordinate of x,. It is easily seen that

A‘h[f(x) - F(x)]zhszho =0
(hint: consider pairs of subsets .S, S’ of (1, - -+, ) with S=S5"U {h}), hence,
f*=f—F has the required “periodicity,” when x&xo+K?. Further, A,f is
defined and bounded on 2K? for each € K?, hence F(x) is bounded on K?
for each xo&€K>?. Suppose that F is not continuous almost everywhere in

x0+K?. Then for at least one nonempty subset (41, - - -, %) of (1, - - -, p),
the function

Glay, - - - , %)

Zigmi 0, 2 g 0
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would not be continuous almost everywhere on xo+ K?, where
G(x) = Ag, - - - A f(2).

But G(x) is itself continuous almost everywhere on 2K?, thus, the latter
event can happen only on a set of points x, of measure 0.
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